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ABSTRACT: Diffusion coefficients, DN, are compared for 2D vacancy nanopits with 
those for 2D homoepitaxial adatom nanoislands on metal(100) surfaces, focusing on the 
variation of DN with size, N. Here, N is measured in missing atoms for pits or adatoms 
for islands. Analysis of DN is based on Kinetic Monte Carlo simulations of a tailored 
stochastic lattice-gas model, where pit and island diffusion is mediated by edge atom 
hopping. Precise determination of DN versus N reveals cyclical variation with an overall 
decrease in magnitude for increasing moderate N ≤ O(102). Monotonic decay, DN ~ N-β, 
is found for N ≥ O(102) with effective exponents, β = βeff, for both pits and islands, both 
well below the macroscopic value of βmacro = 3/2. DN values for vacancy pits are 
significantly lower (higher) than for adatom islands in the case of low (high) kink 
rounding barrier. However, DN values for pits and islands slowly merge, and βeff → 3/2 
for sufficiently large N. The latter feature is expected from continuum formulations 
appropriate for large sizes. We compare predictions from our model incorporating 
appropriate energetic parameters for Ag(100) with different sets of experimental data, 
including assessment of βeff, for experimentally observed sizes N from ~100 to ~1000. 
 
1. INTRODUCTION 
 
Scanning Tunneling Microscopy (STM) studies going back to the mid-1990’s of 
the diffusion of large single-layer-high homoepitaxial adatom islands on metal(100) 
surfaces1-4 have received extensive attention. We refer to these islands as two-
dimensional (2D). The experimental studies prompted several theoretical analyses5-9 
which supplemented limited earlier studies.10,11 However, relatively little attention has 
been paid to the corresponding behavior for single-layer-deep 2D vacancy pits for which 
STM analyses were performed more recently.12,13 Referring to either islands or pits as 
clusters, the default expectation is that cluster diffusion on metal(100) surfaces is 
mediated by periphery diffusion (PD) of atoms around the edge of the cluster. For both 
islands and pits, the variation of the diffusion coefficient, DN, with cluster size, N, is of 
particular interest. Here, size N is measured in adatoms for islands, and in missing 
atoms for pits. Alternatively, size can be measured by the island or pit area, A = a2 N, 
where ‘a’ denotes the surface lattice constant.  
Macroscopic continuum Langevin theory for PD-mediated cluster diffusion 
predicts that DN ~ σPD N-β with a size scaling exponent β = βmacro = 3/2, where σPD 
denotes the mesoscale mobility of atoms along the step edge bordering the cluster.14,15 
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It follows that in this continuum treatment, the Arrhenius energy forσPD, denoted 
EPD,16,17 should correspond to the effective barrier for cluster diffusion. A key 
observation is that the macroscale continuum theory predicts identical behavior for 
islands and pits. A simple atomistic-level mean-field type theory18 for PD also predicts 
the same size-scaling as continuum theory with βmacro = 3/2. However, significantly, a 
detailed experimental study of homoepitaxial island diffusion on Ag(100) and Cu(100) 
surfaces at temperature T ≈ 300 K observed exponents, βeff ≈ 1.15 and βeff ≈ 1.25, 
respectively, for moderate sizes N = O(102) to O(103) [2,3]. These β-values are distinctly 
below the continuum prediction. From more recent experimental studies for Ag(100), a 
similar scenario appears to apply for vacancy pits.5,6 These observations prompt the 
current systematic theoretical analysis of the variation of DN with N for vacancy pits, and 
comparison with behavior for adatom islands. 
To provide further background related to this study, we note that in contrast to 
metal(100) surfaces, there has been extensive analysis starting in the mid-1990’s of 
vacancy pit diffusion on metal(111) surfaces.19-21 The initial experimental studies for 
Ag(111) at T ≈ 300 K suggested that βeff ≈ 1 which was interpreted as a signature of 
cluster diffusion mediated by detachment of atoms from the pit perimeter, diffusion 
across the pit, and reattachment.19 However, subsequent studies for both Ag(111) from 
T = 279-330 K and for Cu(111) from T = 318-343 K suggested a smaller βeff < 1 
although with limited statistics, and that the mechanism of pit diffusion was in fact PD.20 
Motivation for this analysis came in part from the observation that coarsening of arrays 
of pits on Ag(111) was mediated by cluster diffusion and coalescence, referred to as 
Smoluchowski ripening (SR).19 However, Ostwald Ripening (OR) tends to dominate 
coarsening for vacancy pits on metal(100) surfaces, except for sufficiently small mean 
pit sizes.12,22 Interestingly, the opposite applies for adatom islands, i.e., OR dominates 
on metal(111) surfaces, and SR on metal(100) surfaces.2-4,22 
Returning to our analysis of cluster diffusion on metal(100) surfaces, we note that 
recent theoretical studies of adatom island diffusion revealed surprisingly rich behavior 
for moderate sizes N ≤ O(102) for realistic model parameters.23,24 This includes distinct 
edge-nucleation-mediated and facile branches of diffusion with quite different size-
scaling, and also a cyclical variation of DN with N. The distinct branches merge and 
oscillations disappear for larger sizes N ≥ O(102), but unconventional size scaling 
persists until much larger sizes N = O(103) for typical model parameters. In the current 
study, we will explore the existence of analogous behavior for vacancy pits, and 
compare behavior with previous results for adatom islands. 
In Sec.2, a detailed description of our stochastic model is provided, as well as a 
characterization of cluster diffusion processes. An overview of simulation results and an 
elucidation of this behavior is presented in Sec.3. In Sec.4, the model is applied to 
analyze experimental data for Ag(100). Conclusions are provided in Sec.5. 
 
2. STOCHASTIC LATTICE-GAS MODEL FOR CLUSTER DIFFUSION 
 
2A. Model details and KMC simulation of cluster diffusion 
 
Our tailored stochastic lattice-gas model for PD-mediated 2D epitaxial cluster 
diffusion on metal(100) surfaces25 involves intralayer hopping of adatoms within a single 
layer. These adatoms reside on a square lattice of adsorption sites with lattice constant 
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‘a’, and interact with nearest-neighbor (NN) attractive lateral interactions of strength φ > 
0. Adatoms can hop to NN empty sites, and also to second NN (2NN) empty sites, 
provided that hopping retains at least one NN adatom (and with an additional mild 
connectivity constraint described in the Supporting Information). All hop rates have the 
Arrhenius form h = ν exp[-Eact/(kBT)], where ν  is a common attempt frequency for both 
NN and 2NN hops. Let nNN denote the number of in-plane NN adatoms of the hopping 
adatom in its initial configuration. Then, the activation barrier, Eact, selected to be 
consistent with detailed-balance, satisfies 
 
Eact = Ee + (nNN -1)φ for NN hops, and Eact = Ee + (nNN -1)φ + δ for 2NN hops. (1) 
 
Thus, for example, one has activation barriers of: Ee for hopping of atoms along close-
packed <110> step edges via NN hops; Er = Ee + δ for hopping around corners or kinks 
via 2NN hops, so δ corresponds to the additional Ehrlich-Schwoebel or ES kink 
rounding barrier; Ek = Ee + φ (Ek2 = Ee + φ + δ) for kink escape to a step edge via a NN 
(2NN) hop; and Eex = Ee + 2φ (Eex2 = Ee + 2φ + δ) for extraction of an atom from the 
middle of a <110> step edge via a NN (2NN) hop. Model behavior can be determined 
precisely by Kinetic Monte Carlo (KMC) simulation. We utilize a standard rejection-free 
Bortz type algorithm. 
 With regard to thermodynamics, the model is equivalent to the 2D ferromagnetic 
Ising model. Typical experimental conditions correspond to (kBT)/φ ≈ O(10-1), cf. a 
critical value of 0.57 below which 2D phase separation occurs.26 An exact expression is 
available for the equilibrium shape of clusters, which is the same for islands and pits, in 
the macroscopic limit of large size.27 Qualitatively, these are square, but with rounded 
corners for T > 0. Of particular relevance for this study is the existence of “perfect sizes” 
for (island or pit) clusters, Np = L2 and Np = L(L+1), for integer L, which have unique 
square or near-square rectangular ground state configurations, respectively,  at T = 0 K.  
Note that clusters of size N = L(L+m) with m ≥ 2 do not satisfy this non-degeneracy 
property.23,24 
 For diffusion of adatom islands, the KMC simulation starts with single 2D island 
where adatoms are connected to at least one other adatom in the island by NN bonds. 
Then, the above hopping dynamics preserves NN connectivity (and thus size) of the 
island. In contrast, for diffusion of vacancy pits, again starting with a single 2D vacancy 
pit with NN connectivity, now “monomer” vacancies, corresponding to a single missing 
atom, can detach from the pit and diffuse through the surrounding adlayer. (Of course, 
monomer vacancy diffusion actually corresponds to hopping of adjacent atoms into the 
vacancy.) However, the equilibrium density of such monomer vacancies, neq(vac) =     
exp[-2φ/(kBT)], is generally sufficiently small that in our finite simulation system, there 
are rarely any detached vacancies. A special case where this result does not apply is 
discussed below in Sec.2B and the Supporting Information. 
Our focus is on analysis of the diffusion coefficient, DN, for clusters of various 
sizes N. To this end, it is appropriate to first define an effective time-dependent diffusion 
coefficient, DN(δt) = <[δr(δt)]2>/(4δt), where δr(δt) is the displacement in the cluster 
geometric centroid (GC) in a time interval δt, and <> is an average of data over a long 
trajectory. We have also set [δr]2 = δr⋅δr. The GC corresponds to the center-of-mass for 
an adatom island. Note that DN(δt) varies, and specifically decreases as δt increases, 
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for shorter δt due to back-correlations in the walk of the cluster GC.1,9,24 However, DN(δt) 
plateaus for larger δt, and the conventional diffusion coefficient is obtained from DN = 
limδt→∞ DN(δt). See Appendix A. Thus, appropriate analysis of DN must account for this 
transient behavior. For our model where DN(δt) ∝ a2he, one has that DN(δt)/DN versus 
heδt, and DN/(a2he) are independent of our choice of Ee and ν, and thus he. 
Certainly, the above model is simplified both in terms of thermodynamics (i.e., 
lateral adatom interactions) and kinetics (i.e., hop rates). For metal(100) systems, one 
generally expects 2NN pair attractions and bent trio repulsions to be ~10% of the 
strength of NN interactions (and weaker longer range pair and many-body interactions 
also exist).28-30 However, in Appendix B, we argue that our simpler model with just NN 
attractions recovers the appropriate near-square equilibrium shape of clusters at least 
for Ag(100). The actual hopping dynamics in metal(100) systems is also more 
complicated than our prescription, as has been determined by a comprehensive DFT 
analysis of energetics at both the initial site and the transition state for hopping for 
general step edge configurations.29,30 Our prescription of the diffusion rate for isolated 
monomer vacancies is too low, but this process is not important for the current study. 
The model will not describe precisely hopping in some configurations, e.g., for an atom 
sliding out of the corner from a rectangular pit.30 However, we claim that our simplified 
model captures the basic features of these systems, and is a more effective vehicle 
than more complex models for obtaining a fundamental understanding of the basic 
features of cluster diffusion behavior. 
 
2B. Vacancy pit diffusion modes and energetics 
 
We now illustrate the pathways for long-range diffusion of vacancy pits by 
movement of atoms around the periphery of the pit, and also indicate the associated 
activation barriers. Specifically, we show the steps needed to recover a prescribed initial 
pit shape, but with a shifted geometric centroid (GC). This shape recovery is a key 
component of long-range diffusion. In Figure 1, we show typical “direct” diffusion 
pathways for the case of zero or small kink rounding barrier, δ. Figure 1a shows such 
pathways for diffusion of a pit with perfect size, N = Np = L2. We choose the initial 
configuration as the unique ground state, for which the typical first step is to extract an 
atom from some location along one of the close-packed straight edges of the pit. After 
the extracted atom is transferred to a corner of the pit, the system is in a first excited 
state corresponding to energy change ∆E = +φ. This first rate-controlling step, indicated 
by an asterisk in Figure 1a, has the highest barrier of Eact = Ee + 2φ + δ which 
determines the overall or effective barrier for these pathways, as all subsequent steps 
have a lower barrier of Eact = Ee + φ + δ. Subsequent atom transfers evolve the system 
through a sequence of first excited state configurations, with the last transfer returning 
the system to the ground state with energy change ∆E = -φ. 
Figure 1b indicates the direct diffusion pathway for small δ for a pit size of N =   
Np + n = L2 + n, for integer n < L, where the rate controlling step again involves 
extraction of an atom from a straight step edge with barrier Eact = Ee + 2φ + δ. However, 
now this step (again indicated by an asterisk) occurs midway through the overall 
process. In this case, the system evolves through a sequence of ground states (after 
each atom transfer) before the above-mentioned step edge extraction process and then 
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through a sequence of first excited states until the last step, which returns the system to 
a ground state. For processes indicated in both Figure 1a and Figure 1b, the effective 
barrier is higher than that predicted by the continuum Langevin formulation of EPD =      
Ee + φ + δ. Similar pathways exist for perfect sizes Np = L(L+1) with the same barrier, 
Eact = Ee + 2φ + δ. We caution that there are other pathways, described below, which 
avoid corner rounding and for which naturally Eact does not involve δ. Thus, the actual 
effective barrier will depend on the relative contributions of the various pathways. 
 
 
 
Figure 1. Direct vacancy pit pathways for small δ or δ = 0 for sizes: (a) Np; and (b) Np + n with n 
= 3. Atoms in the top surface layer are denoted by small red squares, and vacancies by small 
white squares. Atoms which are moved around the periphery of the pit are denoted by darker 
red than those in the surrounding adlayer which are not moved. Energy changes are indicated 
by ∆E. Rate determining steps are denoted by an asterisk under the horizontal arrow.The X 
indicates a fixed position on the surface. 
 
For a large kink rounding barrier, δ, there is a preference for pathways which 
avoid 2NN kink rounding hops. Indeed, it is possible to find such pathways leading to 
long-range pit diffusion. Such “direct” pathways are shown in Figure 2a for N = Np = L2, 
and in Figure 2b for N = Np + n = L2 + n. Evolution is through first excited state 
configurations for N = Np = L2, and initially through ground states until extraction of an 
atom from a pit corner, and then through first excited states for N = Np + n = L2 + n. The 
consequences of the existence of these pathways for cluster diffusion avoiding kink 
rounding will be illustrated in Sec.3 when comparing diffusivity of adatom islands and 
vacancy pits. Analogous pathways avoiding kink rounding exist for perfect sizes Np = 
L(L+1). The overall barrier for these pathways is Eact = Ee + 2φ. 
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Some other basic issues related to pit diffusion should be noted. First, in addition 
to the direct pathways shown above which most efficiently recover of the initial 
configuration with translated GC, there are also less efficient “indirect pathways”. In 
these pathways, atoms accumulate at multiple corners of the pit. See Figure 3 for N = 
Np = L2. This means that the system accesses a large number of degenerate first 
excited states for N = Np, and of degenerate ground states and first excited states for N 
= Np + n. We will show in Sec.3 and Appendix C that the existence of this degeneracy is 
important for understanding features of the size-dependence of diffusivity. Second, as 
indicated in Sec.2A, the equilibrium density of monomer vacancies coexisting with 
vacancy pits is typically given by neq(vac) =  exp[-2φ/(kBT)]. This applies in simulations 
with a pit of size N = Np or N = Np + n with n > 1 where the energy difference between 
the ground state of the vacancy pit and the state with a detached monomer vacancy is 
∆E = +2φ.  However, for size N = Np + 1, this energy difference is ∆E = +φ, so one has 
that neq(vac) =  exp[-φ/(kBT)]. The probability that the system exists as a connected pit 
versus with a detached monomer also depends on system size and on the degeneracy 
of the connected ground states. However, this probability is negligible for all sizes but N 
= Np + 1. Thus, results for diffusivity when N = Np + 1 can be impacted by this feature. 
 
 
 
Figure 2. Prominent direct vacancy pit pathways for large δ for sizes: (a) Np; and (b) Np + n with 
n = 3. The format is the same as for Figure 1. In contrast to Figure1, there are no 2NN hops of 
periphery atoms involved in these pathways (only NN hops). 
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Figure 3. Indirect pathway for small δ for vacancy pit diffusion for size Np = L2. The format is the 
same as for Figure 1. 
 
2C. Adatom island diffusion modes and energetics 
 
For adatom islands, there are two distinct modes or branches of cluster diffusion. 
Edge nucleation-mediated diffusion occurs for sizes N = Np. In these cases, after an 
atom is extracted from one of the corners of the ground state square or near-square 
configuration to an edge, a second atom must also be quickly extracted and join the first 
atom before it returns to the corner. This formation of a pair of edge atoms constitutes 
nucleation of a new edge of the island. Atoms can then be transferred to complete the 
new edge and recover a ground state with translated GC. This process of nucleation of 
new edges is also required for adatom islands of size N = Np + n with n = 3, 4,…. In all 
these cases, one can show that the effective activation energy for nucleation-mediated 
cluster diffusion is given by Eeff = Ee + 2φ + δ.  In contrast, facile diffusion occurs for 
sizes N = Np + 1 and N = Np + 2. Here, the nucleation of new outer edges is not 
necessary. For N = Np + 1, a single atom on the edge of a perfect core can easily 
diffuse around the core, and for N = Np + 2 a dimer on the edge of a perfect core can 
easily dissociate and reform on another edge. This allows facile reformation of the 
special configurations with shifted GC. However, long-range diffusion does require the 
cluster to repeatedly transition through these special configurations. The effective 
activation energy for facile cluster diffusion is given by Eeff = Ee + φ + δ. A detailed 
description of behavior for adatom island diffusion is given in Ref. (23) and (24). 
 
3. KMC RESULTS FOR PIT DIFFUSION AND COMPARISON WITH ISLANDS 
 
3A. KMC simulation results for DN versus N 
  
Figure 4 gives an overview of the variation of vacancy pit diffusivity DN with size 
N for φ = 0.20 eV at T = 300 K in the absence of a kink rounding barrier, δ = 0, and also 
compares this behavior with that for adatom islands of N atoms. For vacancy pits with 
sizes below N = O(102), we just indicate behavior for perfect sizes N = Np and sizes N = 
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Np + 1, as these provide local upper and lower bounds on diffusivity, respectively. See 
below. For adatom islands with sizes below N = O(102), as in recent studies,23,24 we just 
show: the locally maximum diffusivity for facile sizes N = Np + 1; the moderate diffusivity 
for perfect sizes N = Np; and locally minimum diffusivity for sizes N = Np + 3. It is clear 
that vacancy pits diffuse significantly slower than adatom islands when δ = 0 for a broad 
range of sizes N ≤ O(103), but that “slow” merging is apparent for larger N. Again, the 
latter is expected from macroscopic continuum formulations. The inset of Figure 4 
shows qualitatively similar behavior for small kink rounding barrier δ = 0.1 eV, but for a 
more restricted set of cluster sizes. 
 
 
 
Figure 4. Overview of KMC simulation results for DN versus N for vacancy pits (solid symbols) 
and adatom islands (open symbols) for φ = 0.20 eV and δ = 0 at 300 K. DN is shown only for 
certain special classes of sizes, often those which capture local maxima and minima. The inset 
shows a more limited set of data for φ = 0.20 eV and δ = 0.1 eV at 300 K. 
 
For vacancy pits in the case of no kink rounding barrier, δ = 0, a more detailed 
analysis reveals cyclical variation of DN with N for moderate sizes N ≤ O(102). This 
behavior is shown in Figure 5 for φ = 0.24 eV and φ = 0.28 eV at 300 K focusing on a 
few cycles. (Larger φ-values are chosen to amplify this behavior.) The key feature which 
emerges is that perfect sizes N = Np = L2 or L(L+1) tend to correspond to local maxima 
in DN, and sizes N = Np + 1 tend to correspond to local minima. Slight deviations from 
this behavior are discussed in Sec.3B and Appendix C. Despite the substantial 
difference in diffusivity for these two classes of sizes, N = Np and N = Np + 1, an 
Arrhenius analysis reveals that the same effective diffusion barrier, Eact = Ee + 2φ, 
applies in both cases, recalling that here δ = 0. See Supporting Information. This 
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contrasts behavior for adatom islands where facile sizes N = Np + 1 have higher 
diffusivity than perfect sizes N = Np, and where these two classes of sizes have different 
effective diffusion barriers (at least for the moderate size regime).23,24 We mention that 
identification of these oscillations either for islands or pits in experimental data would be 
inhibited by uncertainties in both diffusion coefficients and cluster size.  
 
 
 
Figure 5. Examples of cyclic variation of DN versus N for vacancy pits for: (a) φ = 0.24 eV, and 
(b) φ = 0.28 eV, with δ = 0 at 300 K. Indicated local maxima are mainly perfect sizes, but 
disruption of this feature appears for larger sizes (dotted circles). Dashed lines are not 
quantitative, but just guide the eye. 
 
Finally, we provide a more comprehensive analysis of the variation of diffusivity 
with the strength of the kink rounding barrier, δ, for φ = 0.24 eV at T = 300 K. Figure 6 
shows ln[DN/(a2he)] versus δ for both vacancy pits and adatom islands for selected sizes 
N = Np and Np + 1 choosing Np = 64.  For vacancy pits, increasing δ  from δ = 0 results 
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initially in a gradual smooth decrease in DN, behavior which is expected since the 
overall efficiency in pathways involving corner rounding is reduced. However, for larger 
δ above 0.15 eV, DN for pits tends to plateau, a feature which reflects the enhanced 
contribution and ultimately the dominance of diffusion pathways avoiding corner 
rounding. In contrast, DN for adatom islands starts at higher values for small δ but 
decreases more quickly and persistently. This behavior for islands reflects the feature 
that all pathways involve corner rounding, so that one has DN ~ exp[-δ/(kBT)] at least for 
larger δ. Thus, while DN is smaller for vacancy pits than for adatom islands for small δ, 
the opposite applies for large δ with a cross-over around δ = 0.18 eV for the parameter 
choice in Figure 6.   
 
 
 
Figure 6. Variation of DN with δ for perfect size Np = 64 and for size Np + 1 = 65 at 300 K.  We 
also include Arrhenius fits to the data for islands for larger δ showing that DN ~ exp[-δ/(kBT)].   
 
3B. Further analysis of results for DN versus N 
 
The continuum Langevin formulation reliably describes diffusion behavior for 
clusters with sufficiently large sizes. Since this formulation predicts identical behavior for 
vacancy pits and adatom islands, it follows that diffusivity for vacancy pits and adatom 
islands should merge for sufficiently large sizes, where both should satisfy classic size-
scaling with β = βmacro = 3/2. Previous analysis of data for adatom islands for φ = 0.20 
eV and δ = 0 at 300 K (using the data shown in Figure 4) revealed that the effective 
scaling exponent, βeff, did achieve this asymptotic value of βmacro = 1.5 for N ≥ 2300. 
This is consistent with the expectation that such asymptotic behavior should be 
achieved for linear island sizes well above the characteristic separation of kinks on 
close packed step edges,24 Lk = ½ exp[½φ/(kBT)] ≈ 24 in units of ‘a’, i.e., for N well 
above (Lk)2 ≈ 580. From Figure 4, convergence of the effective size scaling exponent to 
this asymptotic value for vacancy pits is somewhat slower with βeff ≈ 1.32 for 2025 ≤ N ≤ 
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3250. Complete merging of diffusivity for pits and islands does not occur until N = 
O(104), a regime not readily accessible for precise analysis from simulations. 
 A key feature of the behavior of DN for vacancy pits shown in Sec.3A is the 
cyclical variation. Specifically, DN typically increases smoothly with N = Np + n for 
increasing n = 1, 2,…, nmax from a local minimum for sizes n = 1 to a local maximum at n 
= nmax where N = Np + nmax recovers the next largest perfect size [so nmax = L for Np = L2 
or L(L-1)]. We associate this increase in DN with an increased probability for the 
vacancy pit to be in a first excited state (which is necessary for long-range diffusion) 
rather than in the ground state. Appendix C provides a detailed combinatorial analysis 
of this issue exploiting the concept of “partitions of integers” from number theory.  
From Figure 5, it is evident that there are some deviations from ideal cyclical 
variation of DN with minima (maxima) at n = 1 (n = nmax). In one case, the local minimum 
occurs at n = 2 rather than n = 1, possibly due to the higher likelihood of vacancy 
detachment for n = 1 (cf. Sec.2B). In addition, the feature that the local maximum occurs 
at n = nmax, corresponding to a perfect size, is disrupted for the larger sizes shown in 
Figure 5. Disruption first occurs for size N = 100 when φ = 0.28 eV (with D99 > D100), at 
N = 64 when φ = 0.24 eV (with D63 > D64), and for smaller N for smaller φ (see the 
Supplementary Information). The disruption of perfect cyclical behavior is expected for 
sufficiently large sizes because distinct branches of behavior (e.g., for special sizes Np 
versus sizes Np + 1, etc.) eventually merge. An assessment of the merging point is 
based on an assessment of when the distinct identity of different branches is lost, which 
in turn relies on determination of when clusters have a significant probability of being in 
an excited state configuration (above the T = 0 K ground state).23,24 An appropriate 
combinatorial analysis in Appendix C gives results consistent with the above 
observations of disrupted behavior occurring earlier for smaller φ. 
Finally, we provide brief additional comments on the δ-dependence of DN. As 
noted above, behavior for adatom islands is clear as all pathways involve corner 
rounding, so that has DN ~ exp[-δ/(kBT)] at least for larger δ. The weaker dependence 
for smaller δ likely reflects the feature that in this regime the kink ES length26 Lδ = 
exp[δ/(kBT)] is significantly below other characteristic lengths such as Lk, so then edge 
diffusion rather than kink rounding is rate limiting for transport around the cluster 
periphery. Behavior for vacancy pits is more complicated due to a competition between 
pathways with and without corner rounding. However, as noted in Sec.3A, for large 
enough δ, pathways without kink rounding dominate and DN becomes independent of δ. 
Direct assessment of the limiting plateau value for large δ is possible from analysis of a 
model where 2NN hops are strictly excluded.  
 
4. ANALYSIS OF DIFFUSIVITY FOR PITS AND ISLANDS ON Ag(100) 
 
In this section, we will compare model predictions against experimental results 
from three different groups for cluster diffusivity in the Ag(100) system. The earliest 
study of adatom island diffusion1 in 1994 and a subsequent study of pit diffusion12 by 
the Iowa State University (ISU) group provided somewhat limited data with large 
uncertainties. Consequently, this data cannot by itself be used to quantify size scaling, 
but it is instructive when combined with other data. The ISU data also suggested that 
diffusivity for islands and pits of the same size is comparable. A particularly significant 
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study of island (but not pit) diffusion by the Oak Ridge National Laboratory (ORNL) 
group2 in 1997 provided extensive data from which an effective size scaling exponent of 
βeff ≈ 1.15 was determined for a range of sizes 80 < N < 400. ORNL values for island 
diffusivity were somewhat below those from the ISU study (for islands of the same size). 
A more recent study by Ge and Morgenstern13 (GM) for both islands and pits indicated 
that these have comparable diffusivity (for the same size) consistent with the ISU study. 
GM also found an effective exponent βeff ≈ 0.76 below the ORNL estimate, but found 
values for diffusivity significantly above both the ISU and ORNL data. These various 
experimental data sets are shown in Figure 7. 
 
 
 
Figure 7. (a) KMC simulation results for pit (island) diffusion, denoted by red solid (open) 
symbols, versus cluster area, A = a2N, at T = 300 K with Ee = 0.291 eV, φ = 0.27 eV, and δ = 
0.18 eV. Red lines fit KMC data with the upper lines corresponding to pits. The blue line fits 
ORNL island data for islands with βeff ≈ 1.15. The black line fits GM island and pit data with βeff ≈ 
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0.76. Solid portions of lines indicate the range of available data. Solid (open) purple symbols are 
ISU data for pits (islands). Inset: KMC results with Ee =0.291 eV, φ = 0.24 eV, and δ = 0.233 eV. 
(b) ORNL and (c) GM experimental data sets. For Ag(100), one has that A = 0.0836 N in nm2. 
 
We apply the following interpretation to this somewhat inconsistent data. We 
propose that the ORNL data provides the most accurate estimate for the magnitude of 
the island diffusivity. Thus, the ISU values are somewhat elevated, and the GM values 
are significantly elevated, relative to the true values for cluster diffusion on a perfect flat 
surface. This elevation is plausibly due to intrinsic strain in the surface. Morgenstern31 
suggests that the heavy ion bombardment producing a surface with a high step density 
in the GM study could have led to substantial strain. Indeed, it has been shown that ion 
bombardment can produce nanocavities below the surface,32,33 the strain field from 
which could impact adatom energetics on the surface. More direct evidence for the 
effect of strain on cluster diffusivity was provided in a study of Smoluchoswki Ripening34 
(SR) of adatom islands on Ag(100). Ripening was observed to be accelerated in a 
strained sub-region of the surface displaying an oblong protrusion of length ~100 nm 
and maximum height ~0.07 nm. Modeling suggested that this acceleration in SR 
corresponded to a strain-induced enhancement of adatom island diffusivity by a factor 
of about 5.34 
For simulation analysis of the Ag(100) system, model parameters must be 
chosen appropriately. Recent successful modeling of the coalescence of pairs of Ag 
adatom islands on Ag(100) was based on extensive DFT analysis of pair and many-
body lateral adatom interactions, and also of activation barriers for periphery diffusion.30 
Using the PBEsol functional, this analysis indicated that Ee = 0.291 eV, which with ν = 
1013 s-1 yields he = 108.1 s-1 at 300 K. This analysis also estimated that δ = 0.233 eV. 
While many-body interactions are non-negligible, the coalescence study concluded that 
for a simplified model only including effective NN pairwise interactions, an appropriate 
effective strength for these is φ = 0.240 eV. However, we should caution that additional 
analysis in this study30 indicated that the PBE functional predicts rather different and 
generally lower values for these energies (although modeling with these lower energies 
produced too rapid coalescence). Results for pit and island diffusivity with these 
parameters and ν = 1013 s-1 are shown in the upper inset of Figure 7a. The island 
diffusivity is reasonably consistent with the ORNL observations, except that the effective 
exponent is somewhat lower at βeff ≈ 0.89. Pit diffusivity is substantially higher than 
island diffusivity with an effective exponent of βeff ≈ 1.29. This latter feature appears 
inconsistent with the experimental observations described above. 
 Our general analysis of model behavior in Sec. 3 indicates that since pit 
diffusivity is elevated above island diffusivity choosing δ = 0.233 eV above, these 
diffusivities will become comparable for somewhat lower δ (and that island diffusivity 
would dominate that for pits for even lower δ). Indeed, KMC results shown in the central 
frame of Figure 8 for δ = 0.18 eV and φ = 0.27 eV (retaining Ee = 0.291 eV) with ν = 1013 
s-1 reveal similar values for pit and island diffusivity, which also reasonably matches the 
ORNL data for islands. The corresponding effective size scaling exponents are βeff ≈ 
1.06 for islands and βeff ≈ 1.17 for pits, also quite consistent with the ORNL data. (As an 
aside, our change from the first to the second parameter set was guided by knowledge 
of the overall barrier of Eact = Ee + 2φ + δ for pit diffusion and for nucleation-mediated 
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island diffusion for moderate sizes, but Eact = Ee + φ + δ for larger sizes. This prompted 
our increase of φ by 0.03 eV upon decreasing δ by 0.053 eV to roughly preserve Eact 
and thus the magnitude of island diffusivity matching ORNL data.) 
Thus, we conclude that the modified choice of model parameters, δ = 0.18 eV 
and φ = 0.27 eV, better describes behavior in the Ag(100) system. This choice does not 
exactly match either the PBEsol or the PBE values. However, we have mentioned the 
significant difference between these values, reflecting limitations in DFT analysis of 
energetics. It is appropriate to note that this choice of δ is fairly consistent with a 
previous estimate of δ = 0.16 eV (assuming that Ee = 0.25 eV) from modeling of 
comprehensive data for multilayer homoepitaxy on Ag(100) from 50-300 K.35,36 The key 
feature in the film growth study was that the presence of a significant kink rounding 
barrier means that submonolayer islands become irregular at lower T below 200 K.37 
This contrasts their typical near-square shape with close-packed edges at higher T. 
Since the Ehrlich-Schwoebel barrier for a kinked step is lower than that for a close-
packed step, the island shape change impacts the roughness of multilayer films.35,36 
 
5. CONCLUSIONS 
 
 This study has provided a comprehensive analysis of the dependence on size, N, 
of PD-mediated vacancy pit diffusion, DN, on metal(100) surfaces. The analysis was 
based on KMC simulation of a tailored stochastic lattice-gas model appropriate for these 
systems. We find size-scaling for DN deviating from predictions of macroscopic theory 
for a range of experimentally relevant sizes, N. In addition, strong cyclical variation of DN 
with N is observed for sizes N ≤ O(102), where the “period” reflects the varying size-
increment between successive “perfect” cluster sizes, Np.  Results are compared 
against recent comprehensive analysis of DN versus N for adatom islands which also 
exhibited anomalous size-scaling and strong oscillations. However, detailed behavior 
differs for pits and islands: diffusivity is maximized for perfect sizes N = Np for pits 
versus facile sizes N = Np + 1 for islands. Distinct branches of facile and nucleation-
mediated diffusion with different effective barriers for moderate sizes exist for islands, 
but not for pits. The values of DN can be significantly higher (lower) for islands than for 
pits for large (small) kink rounding barriers, reflecting the feature that all pathways for 
island diffusion must overcome this barrier, but not for pit diffusion. 
 Our analysis of pit versus island diffusion for the Ag(100) system exploits all 
existing experimental data for this system. We discuss some inconsistencies in the 
data, but conclude that the ORNL data provides the most accurate values for DN for 
adatom islands, and that diffusivity for islands and pits of the same size are similar. 
Based on these interpretations, our simulation model reasonably recovers experimental 
behavior with the parameter choice Ee ≈ 0.29 eV, δ ≈ 0.18 eV, φ ≈ 0.27 eV, and ν = 1013 
s-1. Other slightly modified choices of parameters could likely also give reasonable fits to 
data, e.g., selecting somewhat lower values of both φ and ν. Finally, for the above 
parameter choice, we find effective size scaling exponents of βeff ≈ 1.06 for islands and 
βeff ≈ 1.17 for pits for the relevant range of experimental sizes, quite consistent with the 
ORNL island diffusion data where βeff ≈ 1.15. 
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APPENDIX A: SHORT-TIME CLUSTER DIFFUSIVITY 
 Figure 8 shows KMC simulation results for scaled DN(δt) with heδt for diffusion of 
vacancy pits with selected sizes N = 53, 54, 55 and 56 for φ = 0.28 eV with δ = 0 at 300 
K.  Note that the short-time behavior is roughly inverted from the long-time behavior, 
i.e., perfect size pits have the lowest diffusivity for short-time increments and the highest 
for long-time increments. This highlights the importance of accounting for these 
transient effects, i.e., selecting data for sufficient large heδt, to obtain accurate values for 
the true long-time diffusivity. Otherwise, assessment of the cyclical behavior shown in 
Figure 5 could be corrupted. In Sec.3B, we related the local maxima in values of DN = 
DN(δt→∞) of perfect size clusters to the high degeneracy of first excited state relative to 
ground state configurations. For short-time behavior of diffusivity, previous analysis for 
adatom islands24 suggested that a reasonable estimate comes from summing 
independent short-time contributions from all atoms at the periphery of the pit. The 
ground state configuration for perfect sized pits with N = Np has no kinks, so all 
periphery atoms have a low hopping rate for extraction. However, for pits with size N = 
Np + n, the degenerate ground state can have multiple kinks at which atoms have 
significantly higher hop rate. The latter boosts the short-time diffusivity.24 Finally, we 
remark that the form of DN(δt)/(a2he) with heδt for adatom islands24 is similar to that in 
Figure 8. The decrease to a plateau value has been shown to correspond to a back-
correlation in the walk of the cluster GC.24 
 
 
 
Figure 8. Variation of rescaled DN(δt) with heδt for diffusion of vacancy pits with selected sizes N 
= 53,…,56 for φ = 0.24 eV with δ = 0 at 300 K.  
 
APPENDIX B: EQUILIBRIUM CLUSTER SHAPES 
 
As noted in Sec.2A for our model with just NN interactions, a complex but exact 
expression is available for the equilibrium shape of clusters in the macroscopic limit of 
large size.27 This limiting shape, which is identical for pits and islands, is square but with 
rounded corners for T > 0. On the other hand, for metal(100) surfaces, close-packed 
<110>/{111} oriented steps generally have the lowest step energy, γ<110>, then 
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<100>/{110} oriented kinked steps have the next highest energy, γ<100>, and other 
orientations have significantly higher energy. Thus, it has been suggested38 that 
equilibrium shapes might reasonably be regarded as octagonal bordered by longer 
<110> close-packed steps of length L<110>, and shorter <100> kinked steps of length 
L<100>. The relative lengths of the two types of steps is determined from the ratio of step 
energies, R = γ<100>/γ<110> ≥ 1, by solving a minimization problem for the overall step 
energy given fixed cluster area. However, we find that this analysis reveals a critical 
value of Rc = √2, such that if R > Rc, then the <100> kinked step edges are absent 
(having too high an energy cost), so that the equilibrium shape is square. An early DFT 
analysis38 indicated that R = 1.20 < Rc ≈1.414 for Ag(100), which implies an octagonal 
equilibrium shape with L<100>/L<110> ≈ 0.3. However, this analysis used slabs of limited 
thickness and sequentially determined the bulk energy, surface energy, and step energy 
for Ag. Any inaccuracy in the earlier steps can lead to more significant errors in the 
latter. A more recent DFT analysis using a modified approach avoided these issues, 
and found that R = 1.39 (1.40) using the PBE (PBEsol) functional.39 These values are 
sufficiently close to Rc that the equilibrium shape is effectively square (i.e., it includes no 
<100> kinked steps, but only <110> steps) at lower T. This supports the use of our 
tailored model which also exhibits square equilibrium shapes at lower T. 
 
APPENDIX C: COMBINATORIAL ANALYSIS OF THE CYCLIC VARIATION OF DN 
 
We elucidate the cyclic variation of DN with N by relating this behavior to the size 
of the configuration space (i.e., the degeneracy) of ground states, first excited states, 
etc. as a function of N. Let the degeneracy of 𝑖𝑖th excited state of a pit with size 𝑁𝑁 be 
denoted by Ω𝑁𝑁(𝑖𝑖). Also below, 𝑃𝑃𝑁𝑁(𝑖𝑖) will denote the probability to be in an ith excited 
state. The value of Ω𝑁𝑁(𝑖𝑖) can be estimated from a combinatorial analysis exploiting the 
concept of “partitions of integers” in number theory.  This approach was developed 
previously for analysis of island diffusion and is described in Appendix C of Reference 
(24), but filled sites in this previous analysis are replaced by empty sites here. The 
analysis for pits considers just configurations obtained by starting with a perfect 
rectangular pit and adding atoms to the corners to form a simple “staircase” in each 
corner (i.e., with steps of one sign, and not both). Then, the energy of this configuration 
is simply determined by the perimeter length of the cluster which equals that of the 
original inscribing rectangle. As an example, Ω𝑁𝑁𝑝𝑝+𝑛𝑛(0) for 𝑛𝑛 = 1, 2, 3 … would be 
determined as the number of distinct configurations obtained by adding 𝐿𝐿 − 𝑛𝑛 adatoms 
to corners of an empty inscribing rectangle of dimension (L+1)×L [or L×L] for Np = L2 [or 
Np = L(L-1)]. Similarly, Ω𝑁𝑁𝑝𝑝+𝑛𝑛(1) for 𝑛𝑛 = 1,2,3 … would be determined as number of 
configurations obtained by adding 2𝐿𝐿 − 𝑛𝑛 adatoms to corners of an empty inscribing 
rectangle of perimeter two lattice constants larger than that used for Ω𝑁𝑁𝑝𝑝+𝑛𝑛(0). 
For temperatures which are not too high, i.e., for φ/(kBT) not too small, and also 
for sufficiently small δ, Figure 1 indicates the pathway for long-range diffusion. The 
system initially wanders through a ground state configuration space of size ΩN(0). Then, 
after extraction of an adatom from a close-packed step edge (indicated by ∗ in Figure 
1), the system wanders through a configuration space of size ΩN(1). Note that 
Ω𝑁𝑁𝑝𝑝+1(𝑖𝑖) > Ω𝑁𝑁𝑝𝑝+2(𝑖𝑖) > Ω𝑁𝑁𝑝𝑝+3(𝑖𝑖) > ⋯ , due to the larger number of combinations from 
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distributing a larger number of adatoms for smaller 𝑛𝑛. See the Supplementary 
Information. For diffusion of adatom islands with facile sizes, increasing ground state 
degeneracy strongly inhibits island diffusion, but only because long-range diffusion 
requires the cluster configuration to repeatedly return to a special configuration.23,24 This 
did not apply for other island sizes, and similarly does not apply for vacancy pits. Thus, 
the variation in degeneracy does not in itself simply predict trends in diffusivity.  
However, we speculate that since the system must transition through the 
configuration space of first excited states (rather than just ground states) for long-range 
diffusion, the greater the probability for the system to be in one of the first excited 
states, 𝑃𝑃𝑁𝑁(1), the more efficient diffusion. The relative probability of being in the first 
excited state compared to ground state is 𝑃𝑃𝑁𝑁(1)
𝑃𝑃𝑁𝑁(0) ≈ 𝑒𝑒𝑒𝑒𝑒𝑒[−𝜙𝜙/𝑘𝑘𝐵𝐵𝑇𝑇] ×  Ω𝑁𝑁(1)/ΩN(0). Note 
that 𝑒𝑒𝑒𝑒𝑒𝑒[𝜙𝜙/𝑘𝑘𝐵𝐵𝑇𝑇] = 10729 (50389) for 𝜙𝜙 = 0.24 𝑒𝑒𝑒𝑒 (0.28 𝑒𝑒𝑒𝑒) at 300 K. Figure 9 shows 
that Ω𝑁𝑁(1)/ΩN(0) versus 𝑁𝑁 captures the main cyclic feature of DN within a cycle 𝑁𝑁 =
𝑁𝑁𝑝𝑝 + 𝑛𝑛, with DN increasing for increasing 𝑛𝑛 due to larger Ω𝑁𝑁(1)/ΩN(0).  
 
  
 
 
Figure 9. Plot of  Ω𝑁𝑁(1)/ΩN(0) v.s. 𝑁𝑁 with 𝑁𝑁 = 21 − 121 (cf. the cyclic variation of 𝐷𝐷𝑁𝑁 shown in 
Figure 5). 
 
From Figure 4, it is clear that for sufficiently large cluster sizes, the distinction 
between diffusion behavior for different special sizes (e.g., Np versus Np + 1) 
disappears, and thus perfect cyclical variation of DN is disrupted. Such behavior reflects 
to substantial access of the cluster to higher excited states.23,24 For φ = 0.28 eV, such 
disruption wherein local maximum in DN does not correspond to a perfect size first 
appears for 𝑁𝑁 = 100 where 𝐷𝐷𝑁𝑁𝑃𝑃=100 < 𝐷𝐷𝑁𝑁𝑃𝑃−1=99. See Figure 5b. From Table 1, this 
corresponds to 𝑃𝑃𝑁𝑁(1)/𝑃𝑃𝑁𝑁(0)~0.4. (Figure 5b shows a stronger disruption with 𝐷𝐷𝑁𝑁𝑃𝑃=121 ≪
𝐷𝐷𝑁𝑁𝑃𝑃−1=120 for φ= 0.28 eV. Also the difference between 𝐷𝐷𝑁𝑁𝑃𝑃−1=120 and 𝐷𝐷𝑁𝑁𝑃𝑃−2=119  is much 
smaller than between 𝐷𝐷𝑁𝑁𝑃𝑃−1=99 and 𝐷𝐷𝑁𝑁𝑃𝑃−2=98, a precursor to more extensive disruption 
of cyclical behavior). For 𝜙𝜙 = 0.24 𝑒𝑒𝑒𝑒, the criterion 𝑃𝑃𝑁𝑁(1)/𝑃𝑃𝑁𝑁(0)~0.4 for the onset of 
disruption also applies where 𝐷𝐷𝑁𝑁𝑃𝑃=64 < 𝐷𝐷𝑁𝑁𝑃𝑃−1=63 as shown in Figure 5a. The criterion is 
also consistent with limited data for 𝜙𝜙 = 0.20 𝑒𝑒𝑒𝑒 shown in the Supporting Information. 
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𝑁𝑁 𝜙𝜙 = 0.24 𝑒𝑒𝑒𝑒 𝑁𝑁 𝜙𝜙 = 0.28 𝑒𝑒𝑒𝑒 
𝑃𝑃𝑁𝑁(1)/𝑃𝑃𝑁𝑁(0) 𝑃𝑃𝑁𝑁(1)/𝑃𝑃𝑁𝑁(0) 
55 0.117 98 0.0997 
56 0.233 99 0.189 
63 0.236 100 0.401 
64 0.480 119 0.183 
  120 0.353 
  121 0.762 
 
Table 1. 𝑃𝑃𝑁𝑁(1)/𝑃𝑃𝑁𝑁(0) versus N at 300 K obtained from Ω𝑁𝑁(1)/ΩN(0) in Table SI.1. 
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